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SMOOTH QUOTIENTS OF PRINCIPALLY POLARIZED
ABELIAN VARIETIES
ROBERT AUFFARTH AND GIANCARLO LUCCHINI ARTECHE
Abstract. We give an explicit characterization of all principally polarized
abelian varieties (A,Θ) such that there is a finite subgroup of automor-
phisms G of A that preserve the numerical class of Θ, and such that the
quotient variety A/G is smooth. We also give a complete classification of
smooth quotients of Jacobian varieties of curves.
MSC codes: primary 14L30, 14K10; secondary 14H37, 14H40.
1. Introduction
Let (A,Θ) be a complex principally polarized abelian variety and let
Aut(A,Θ) := {g ∈ Aut(A) : g(0) = 0, g∗Θ ≡ Θ}
denote the group of automorphisms of A that fix the origin as well as the
numerical class of Θ. It is well-known that Aut(A,Θ) is a finite group (see
[BL04, Corollary 5.1.9]). The purpose of this article is to give an explicit
characterization of all principally polarized abelian varieties (A,Θ) such that
there exists a subgroup G ≤ Aut(A,Θ) such that A/G is a smooth variety.
This article can be seen as a continuation of the article [ALA18] by the same
authors where abelian varieties that have a finite group of automorphisms with
smooth quotient are characterized. The addition of a polarization to the study
of smooth quotients throws a non-trivial extra ingredient into the mix and will
allow us to study the problem in a moduli-theoretic context.
Our first main result (Theorem 3.5) states the following:
Theorem 1.1. Let (A,Θ) be a principally polarized abelian variety. Then
there exists G ≤ Aut(A,Θ) such that A/G is smooth if and only if (A,Θ) is the
product of principally polarized elliptic curves along with a principally polarized
abelian variety that comes from what we call the standard construction (see
Section 3.2).
Key words and phrases. Abelian varieties, principal polarizations, Jacobian varieties,
smooth quotients, automorphisms.
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The previous description lets us give a moduli-theoretic interpretation of
such polarized abelian varieties (Theorem 3.9), and we prove (Theorem 3.10)
that for a very general principally polarized abelian variety coming from the
standard construction, its theta divisor is irreducible. Since Jacobian varieties
are a special case of irreducible principally polarized abelian varieties, it is
then natural to ask what Jacobians have smooth quotients.
With a little more work we are able to classify all smooth quotients of
Jacobian varieties by groups of automorphisms that come from automorphisms
of the curve in question. The classification we obtain for Jacobian varieties is
the following:
Theorem 1.2. Let X be a smooth projective curve of genus g and let G be a
(non-trivial) group of automorphisms of X. Then JX/G is smooth if and only
if one of the following holds:
(1) g ≤ 1;
(2) g = 2, G ∼= Z/2Z and X → X/G ramifies at two points.
(3) g = 3, G ∼= Z/2Z and X → X/G is e´tale.
Throughout this paper, a polarization will be used interchangeably as an
ample divisor, an ample line bundle, or an ample numerical class. This should
not produce confusion. In the case of a principal polarization, we will say that
it is irreducible if any effective divisor inducing the polarization is irreducible.
Since two effective divisors that produce the same principal polarization differ
by a translation, this is a well-defined concept. We will denote numerical
equivalence by ≡.
2. Preliminary results: smooth quotients of abelian varieties
If A is an abelian variety, the action of the endomorphism ring of A on the
tangent space at the origin gives us a representation
ρa : End(A)→ End(T0(A))
that we will call the analytic representation.
The following results are consequences of the main results of [ALA18] and
we will be using them in what follows (cf. [ALA18, §1, §2.3]).
Theorem 2.1. Let A be an abelian variety of dimension g, and let G be a
(non trivial) finite group of automorphisms of A that fix the origin. Then the
following conditions are equivalent:
(1) A/G is smooth and the analytic representation of G is irreducible.
(2) A/G is smooth of Picard number 1.
(3) A/G ∼= Pg.
(4) There exists an elliptic curve E such that A ∼= Eg and (A,G) satisfies
exactly one of the following:
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(a) G ∼= Cg ⋊ Sg where C is a non-trivial (cyclic) subgroup of au-
tomorphisms of E that fix the origin; here the action of Cg is
coordinatewise and Sg permutes the coordinates.
(b) G ∼= Sg+1 and acts on
A ∼= {(x1, . . . , xg+1) ∈ E
g+1 : x1 + · · ·+ xg+1 = 0},
by permutations.
(c) g = 2, E = C/Z[i] and G is the order 16 subgroup of GL2(Z[i])
generated by:{(
−1 1 + i
0 1
)
,
(
−i i− 1
0 i
)
,
(
−1 0
i− 1 1
)}
,
acting on A in the obvious way.
We will refer to the three cases appearing in point (4) of this theorem as
Example (a), Example (b) and Example (c) respectively.
Theorem 2.2. Let A be an abelian variety of dimension g, and let G be a
(non trivial) finite group of automorphisms of A that fix the origin. Assume
that A/G is smooth and dim(AG) = 0. Then G =
∏r
i=1Gi, A =
∏r
i=1Ai, Gi
acts trivially on Aj for i 6= j and irreducibly on Ai and Ai/Gi is smooth for
all 1 ≤ i ≤ r. In particular,
A/G ∼= A1/G1 × · · · × Ar/Gr.
Proposition 2.3. Let A be an abelian variety of dimension g, and let G be a
(non trivial) finite group of automorphisms of A that fix the origin. Let A0 be
the connected component of AG containing 0 and let PG be its complementary
abelian subvariety with respect to a G-invariant polarization. Then there exists
a fibration A/G → A0/(A0 ∩ PG) with fibers isomorphic to PG/G. Moreover,
A/G is smooth if and only if PG/G is smooth.
3. Smooth quotients of principally polarized abelian varieties
In this section, we give a full classification of smooth quotients of principally
polarized abelian varieties.
3.1. The case dim(AG) = 0. We start with two results that are direct appli-
cations of Theorems 2.1 and 2.2. They completely describe the case in which
the dimension of the set of points fixed by the action of the group is 0.
Let E be an elliptic curve, and on Eg consider the following principal po-
larization
(1) Θg :=
g∑
i=1
π∗i ([0]),
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where [0] denotes the divisor on E consisting of the origin. Note that in
particular Θ1 = [0].
Theorem 3.1. Let (A,Θ) be a principally polarized abelian variety of dimen-
sion g and let G be a (non-trivial) group of automorphisms of A that fix the
origin and preserve the numerical class of Θ. Assume that A/G is smooth
and that the analytic representation of G is irreducible. Then (A,G) is as in
Example (a) and Θ ≡ Θg.
Proof. By Theorem 2.1, the pair (A,G) must be as in one of the Examples
(a), (b), (c). In particular, A/G ∼= Pg and NS(A)G ≃ Z. Since Θ is a primitive
element in the Ne´ron-Severi group, we have that NS(A)G = ZΘ. Thus, if we
denote by π the quotient morphism A→ Pg, there exists m ∈ Z such that
π∗OPg(1) ≡ mΘ.
By taking the self-intersection, we obtain that
|G| = mgg!.
Since A has dimension g, if g > 1 then this is only possible if G ∼= Cg ⋊ Sg
with m = |C| and therefore the pair (A,G) is as in Example (a). If g = 1 then
this is trivially true, since in this case Example (a) coincides with Example
(b). Now, a direct computation in Example (a) tells us that π∗OPg(1) is indeed
m
∑g
i=1 π
∗
i ([0]). Hence Θ ≡ Θg. ⌣¨
Corollary 3.2. Let (A,Θ) be a principally polarized abelian variety of dimen-
sion g and let G be a (non-trivial) group of automorphisms of A that fix the
origin and preserve the numerical class of Θ. Assume that A/G is smooth
and dim(AG) = 0. Then the triple (A,Θ, G) is a direct sum of triples as in
Theorem 3.1.
Proof. Since dim(AG) = 0 and A/G is smooth, by Theorem 2.2 we have A =
A1 × · · · × Ar, G = G1 × · · · × Gr and Gi acts irreducibly on Ai. Then, by
[Kan16, Prop. 61],
NS(A) ∼= NS(A1)⊕ · · · ⊕NS(Ar)⊕
⊕
i<j
Hom(Ai, Aj),
where G acts on each factor NS(Ai) by pullback and on Hom(Ai, Aj) by τ ·f =
τfτ−1. We note that there are no G-invariant elements in Hom(Ai, Aj) since
Gi acts irreducibly on Ai and trivially on Aj .
Now, the coordinates of Θ with respect to the above decomposition are G-
invariant. In particular, the coordinate of Θ in Hom(Ai, Aj) is 0. This implies
that Θ splits as a direct sum of Gi-invariant principal polarizations Θi on each
factor Ai. We can then apply Theorem 3.1 to each factor. ⌣¨
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3.2. The standard construction. We proceed now to the study of the gen-
eral case of a principally polarized abelian variety (A,Θ) with an action by
a finite group G fixing the origin and the class of Θ. In the last section, we
presented examples where the factors of the pair (A,G) were all as in Exam-
ple (a). In this section, letting go of the hypothesis on the dimension of AG,
we present a way of constructing triples (A,Θ, G) such that A/G is smooth
and Example (b) appears as a factor. We will prove in the next section that
products of this construction and principally polarized abelian varieties from
Corollary 3.2 cover all triples (A,Θ, G) such that A/G is smooth.
Consider the pair (X,G) as in Example (b); in particular X ∼= Eg with E
an elliptic curve, G ∼= Sg+1 and the analytic representation is the standard
representation of Sg+1. Define the following polarization on X :
(2) Ξg := Θg + ker(Σ),
where Σ is the sum morphism X ∼= Eg → E and Θg was defined in (1).
Note that Ξg is a generator of the group NS(X)
G ∼= Z for g ≥ 2 since it is
primitive (cf. for instance [Auf17, §2.3]) and in dimension 1 we have Ξ1 = 2Θ1.
For a given polarization Ξ on X , define
K(Ξ) := {x ∈ X | t∗xOX(Ξ)
∼= OX(Ξ)}.
where tx denotes translation by the element x ∈ X . This is exactly the kernel
of the morphism X → Pic0(X) where
x 7→ t∗xOX(Ξ)⊗OX(Ξ)
−1.
We recall that the type of the polarization Ξ is the list (d1, . . . , dg) where X
is of dimension g and the di’s are the elementary divisors of the finite abelian
group K(Ξ). Therefore di ∈ Z>0 and di | di+1 for all i.
Lemma 3.3. For X as in Example (b) and Ξg as in (2), we have
K(Ξg) = {(x, . . . , x) | x ∈ E[g + 1]} ⊂ X.
In particular, Ξg is of type (1, . . . , 1, g + 1).
Proof. Consider the canonical lattice (Ig τIg)Z
2g of Eg where E = C/(Z+τZ).
With this lattice, the imaginary part of the first Chern class of Ξg has matrix
M =
(
0 A+ Ig
−A− Ig 0
)
,
where A is the g × g matrix consisting of 1’s in each coordinate. The group
K(Ξg) corresponds to the set of all x ∈ Q
2g, modulo Z2g, such that xtMy ∈ Z2g
for all y ∈ Z2g, cf. [BL04, Lemma 2.4.5]. We obtain the group in the statement
by a direct computation. ⌣¨
6 ROBERT AUFFARTH AND GIANCARLO LUCCHINI ARTECHE
Consider now a triple (X,G,ΞX), where
(3) X =
r∏
i=1
Xi, G =
r∏
i=1
Gi, ΞX = Ξg1 ⊠ · · ·⊠ Ξgr ,
and every triple (Xi, Gi,Ξgi) is as here above. The type of the polarization
ΞX can be explicitly obtained by looking at the elementary divisors of the
abelian group
⊕r
i=1(Z/(gi + 1)Z), but it is worthless to try to give a general
formula. Let s be the number of elementary divisors of this group, so that we
can write the type of ΞX as (1, . . . , 1, d1, . . . , ds). Let (Y,ΞY ) be a polarized
abelian variety of dimension ≥ s and of type (1, . . . , 1, d1, . . . , ds) and let G
act trivially on it.
Starting from (X,ΞX) and (Y,ΞY ), we construct a principally polarized
abelian variety (A,Θ) with a G-action that fixes the origin and preserves the
class of Θ following [Deb88, §9.2]. Consider the groups K(ΞX) and K(ΞY )
defined as above. These are finite torsion subgroups of the respective abelian
varieties that are isomorphic to Z ⊕ Z with Z =
⊕s
i=1 Z/diZ and possess
a symplectic form given by the polarization. Note that G acts trivially on
both K(ΞX) and K(ΞY ): for X , this can be checked directly on each factor
Xi (cf. Lemma 3.6 here below) and we know by Lemma 3.3 that K(Ξgi) is
Gi-invariant; for Y this is trivial.
Now, there is a canonical symplectic form on Z ⊕ Z given by
〈ej, ek〉 =


e−2pii/dj k = s+ j
e2pii/dj j = s+ k
1 otherwise
,
and ej denotes the jth canonical vector. Consider the antisymplectic involution
ǫ : Z2 → Z2 which exchanges the factors and fix symplectic isomorphisms
f : K(ΞX) → Z
2 and h : K(ΞY ) → Z
2 (such isomorphisms always exist,
cf. [BL04, Lemma 6.6.3]). Define Γ to be the graph of the map h−1 ◦ ǫ ◦ f . By
descent theory for abelian varieties, there exists a unique principal polarization
Θ on A = (X × Y )/Γ such that the pullback to X × Y gives ΞX ⊠ ΞY . Since
G acts trivially on Γ and fixes the classes of ΞX and ΞY , we see that G acts on
A and fixes the class of Θ. Moreover, by Proposition 2.3, the quotient A/G is
smooth since X/G is by construction.
Definition 3.4. We say that a principally polarized abelian variety with G-
action (A,Θ, G) is standard if it can be obtained via the construction here
above.
3.3. The Main Theorem. Having defined the standard construction in the
last section and considering Theorem 3.1 and Corollary 3.2, we are now ready
to state our main result.
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Theorem 3.5. Let (A,Θ) be a principally polarized abelian variety and let G
be a group of automorphisms of A fixing the origin and the class of Θ. Assume
that A/G is smooth. Then,
(A,Θ) ∼=
(
t∏
i=1
(Ai,Θgi)
)
× (B,ΘB) and G ∼=
(
t∏
i=1
Gi
)
×H,
where (B,ΘB, H) is standard, each (Ai,Θgi, Gi) is as in Theorem 3.1 and G
acts on each factor in the obvious way.
In particular G is a direct product of symmetric groups and of groups of the
form (Z/mZ)gi ⋊ Sgi with m ∈ {2, 3, 4, 6}.
The idea of the proof is the following: we use the classification results given
in Section 2 in order to exhibit subvarieties of A that look like Examples (a)
and (b), and possibly (c). We will then use results by Debarre in order to
prove that this last case cannot occur if A is principally polarized and that the
subvarieties isomorphic to Example (a) are already principally polarized and
hence split as direct factors. Finally, we will prove that the remaining variety
comes from the standard construction.
We start with a lemma on the objects considered by Debarre in [Deb88].
Recall the subgroup of the polarized abelian variety (X,ΞX) we defined above:
K(ΞX) := {x ∈ X | t
∗
xOX(ΞX)
∼= OX(ΞX)}.
Lemma 3.6. If (X,ΞX) and (Y,ΞY ) are polarized abelian varieties, then
K(ΞX ⊠ ΞY ) = K(ΞX)⊕K(ΞY ).
Proof. If (x, y) ∈ K(ΞX)⊕K(ΞY ), then a direct computation gives
t∗(x,y)OX×Y (ΞX ⊠ ΞY )
∼= t∗xOX(ΞX)⊠ t
∗
yOY (ΞY )
∼= OX(ΞX)⊠OY (ΞY ),
and so K(ΞX)⊕K(ΞY ) ⊆ K(ΞX ⊠ ΞY ). By Riemann-Roch, we have that
|K(ΞX ⊠ ΞY )| = h
0(OX(ΞX)⊠OY (ΞY ))
2
= h0(OX(ΞX))
2h0(OY (ΞY ))
2
= |K(ΞX)||K(ΞY )|
and therefore both sets must be equal. ⌣¨
Proof of Theorem 3.5. Let (A,Θ) be a principally polarized abelian variety
with G-action such that A/G is smooth and such that each element of G
preserves the numerical class of Θ. Let Y = (AG)0 be the connected component
of the fixed locus of G that contains the origin, let X be its complementary
abelian subvariety with respect to Θ, and let ΞY := Θ ∩ Y and ΞX := Θ ∩X
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be the respective restricted polarizations. Let Γ be the kernel of the addition
morphism X×Y → A. It is clear that this morphism is not only G-equivariant,
but G acts on Γ as the identity. Moreover, by [Deb88, Prop. 9.1], Γ is the graph
of an antisymplectic involution f : K(ΞX) → K(ΞY ), and so G acts trivially
on K(ΞX) and K(ΞY ).
By Theorem 2.2 and Proposition 2.3, X/G is smooth and therefore
X ∼= X1 × · · · ×Xr and G ∼= G1 × · · · ×Gr,
where Gi acts on Xi irreducibly and the quotient Xi/Gi is smooth. Thus, by
Theorem 2.1, each pair (Xi, Gi) corresponds to one of the Examples (a), (b)
or (c). Let ΞXi := ΞX ∩ Xi denote the restricted polarization. By following
the proof of Corollary 3.2 (which does not use the fact that the polarization
is principal until the very end), we deduce that
ΞX ≡ ΞX1 ⊠ · · ·⊠ ΞXr ,
and the numerical class of each ΞXi is fixed by G (and thus Gi). By Lemma
3.6,
K(ΞX) = K(ΞX1)⊕ · · · ⊕K(ΞXr)
and G (and thus Gi) acts trivially on each factor.
Lemma 3.7. Let gi denote the dimension of Xi.
(1) If (Xi, Gi) is isomorphic to Example (a) and gi ≥ 2, then ΞXi is the
principal polarization Θgi defined in (1).
(2) If (Xi, Gi) is isomorphic to Example (b) and gi ≥ 2, then ΞXi is the
polarization Ξgi defined in (2).
(3) If gi = 1, then either ΞXi ≡ Θ1 or ΞXi ≡ Ξ1 ≡ 2Θ1. In this last case,
Gi ∼= Z/2Z.
(4) None of the pairs (Xi, Gi) can be isomorphic to Example (c).
Proof. If (Xi, Gi) is isomorphic to Example (a), then Xi ∼= E
gi for some elliptic
curve E and NS(Xi)
Gi = Z · Θgi. Therefore ΞXi ≡ mΘgi for some m ∈ Z>0.
However,
K(mΘgi) = Xi[m] = E[m]
gi
which is only fixed by Gi ∼= (Z/mZ)
gi ⋊ Sgi in the case when m = 1, hence
ΞXi ≡ Θgi. This proves (1).
If gi = 1, then the pair (Xi, Gi) is always isomorphic to Example (a), so
that the previous analysis still holds. However, in this case Xi is an elliptic
curve E and Gi ∼= Z/mZ, so that E[m] can be fixed by Gi if m = 2 and
Gi = {±1} ≃ Z/2Z. This proves (3).
SMOOTH QUOTIENTS OF PRINCIPALLY POLARIZED ABELIAN VARIETIES 9
If (Xi, Gi) is isomorphic to Example (b) and gi ≥ 2, then Xi ∼= E
gi for
some elliptic curve E and NS(Xi)
Gi = Z ·Ξgi. Therefore ΞXi ≡ mΞgi for some
m ∈ Z>0. However,
K(mΞgi) = m
−1(K(Ξgi)) ⊃ Xi[m],
which is only fixed by Gi ∼= Sgi+1 in the case when m = 1, hence ΞXi ≡ Ξgi.
This proves (2).
If (Xi, Gi) is isomorphic to Example (c), then a direct computation shows
that ∑
g∈Gi
g∗Θ2 ≡ 16Ξ(c)
for some primitive polarization Ξ(c), hence Ξ(c) generates NS(Xi)
Gi . However,
K(Ξ(c)) = 〈(
1+i
2
, 0), (0, 1+i
2
)〉,
which is not in the fixed locus of G. Moreover, K(mΞ(c)) = m
−1(K(Ξ(c)))
which is not invariant by G either. Therefore by the previous analysis it is
impossible for Example (c) to appear. This proves (4). ⌣¨
Note that in the case where gi = 1 and ΞXi ≡ Ξ1 of the last lemma, we
have Gi ∼= S2 and thus we may interpret the pair (Xi, Gi) as Example (b) in
dimension 1 with the polarization Ξ1. In the other case we have a principally
polarized copy of Example (a) in dimension 1.
Having said this, up to rearranging the factors, we may assume that
(X,ΞX) ∼=
(
t∏
i=1
(Ai,Θgi)
)
×
(
s∏
j=1
(Xj,Ξgj)
)
and G ∼=
(
t∏
i=1
Gi
)
×
(
s∏
j=1
Hj
)
,
where the pairs (Ai, Gi) are isomorphic to Example (a) and the pairs (Xj, Hj)
are isomorphic to Example (b). Note that since the pairs (Ai,Θgi) are prin-
cipally polarized, they split as direct factors of (A,Θ) as well. Thus, we only
need to prove that the remaining factor, which corresponds to the subvariety
B = Y +
s∑
j=1
Xj ,
equipped with the principal polarization ΘB := Θ ∩ B, is standard. This is
an immediate application of [Deb88, Prop. 9.1] since Y is the complementary
abelian subvariety of
∑s
j=1Xj in B with respect to ΘB and the polarizations
Ξgj are the ones used in the standard construction. ⌣¨
We conclude this section with an immediate corollary to Theorem 3.5.
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Corollary 3.8. Let (A,Θ) be a principally polarized abelian variety. Let
Aut(A,Θ) be the group of automorphisms of A preserving the numerical class
of Θ. Assume that A/Aut(A,Θ) is smooth. Then
A ∼= E
g1
1 × · · · × E
gt
t and Θ = Θg1 ⊠ · · ·⊠Θgt,
with the Ei’s pairwise non-isomorphic.
Proof. It suffices to note that the standard factor (B,ΘB) from Theorem 3.5
always “has more” automorphisms that preserve the polarization. Indeed,
multiplication by −1 is an automorphism that does not fix the subvariety Y
(unless it is trivial) in this factor and by definition Y was invariant by the
group H acting on B. ⌣¨
3.4. A moduli-theoretic interpretation. We note that Theorem 3.5 has
a moduli-theoretic interpretation. Indeed, let Sm+1 be the moduli space of
triples (Em,Ξm, f) where E is an elliptic curve, Ξm is the polarization defined
in (2), and
f : K(Ξm)→ (Z/(m+ 1)Z)
2,
is a symplectic isomorphism. Since K(Ξm) is the (m+ 1)-torsion subgroup of
the diagonal elliptic curve, f can be seen simply as a symplectic isomorphism
from E[m+1] to (Z/(m+1)Z)2 with respect to the Weil pairing on E[m+1].
Moreover, Ξm is canonically defined by the elliptic curve E, and so we have that
Sm+1 parametrizes elliptic curves E with a symplectic isomorphism E[m+1]→
(Z/(m + 1)Z)2. It is well-known (see for instance [Sil09, §C.13]) that this is
simply the modular curve
X(m+ 1) := H/Γ(m+ 1),
where Γ(m+ 1) is the kernel of the reduction modulo m+ 1 map in SL(2,Z).
Therefore Sm+1 ∼= X(m + 1) and, as a consequence, the moduli space of all
products of the form (3) along with a symplectic isomorphism
K(ΞX)→
r⊕
i=1
(Z/(gi + 1)Z)
2,
is easily seen to be isomorphic to
X(g1 + 1)× · · · ×X(gr + 1).
Now, let D = (1, . . . , 1, d1, . . . , ds) be the type of ΞX and note that this tuple
depends only on the numbers (g1+1), . . . , (gr+1). Let A
D
n be the moduli space
of triples (Y,ΞY , h) where (Y,ΞY ) is a polarized abelian variety of dimension
n and type D, and
h : K(ΞY )→
r⊕
i=1
(Z/(gi + 1)Z)
2,
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is a symplectic isomorphism. Then the standard construction can be easily
interpreted as a morphism of (coarse) moduli spaces(
r∏
j=1
X(gi + 1)
)
×ADn → Ag′,
where g′ = n +
∑r
i=1 gi. And since the moduli space of principally polarized
self-products of m elliptic curves with the product polarization is isomorphic
to A1, we may interpret the set described in Theorem 3.5 as the image of the
following morphism of moduli spaces (for varying t, g1, . . . , gr, n)
Φt,g1,...,gr,n :
(
t∏
i=1
A1
)
×
(
r∏
j=1
X(gi + 1)
)
×ADn → Ag,
where Ag is the moduli space of principally polarized abelian varieties of di-
mension g and g is the sum of the respective dimensions.
Theorem 3.9. A principally polarized abelian variety possesses a group of
automorphisms that fix the origin as well as the numerical class of the polar-
ization, and gives a smooth quotient if and only if it is in the image of one of
the morphisms Φt,g1,...,gr,n.
We finish this section with a result on the irreducibility of the theta divisor
of a general element in the image of Φt,g1,...,gr,n. This will be useful in order to
study smooth quotients of Jacobians.
Theorem 3.10. If t > 0, then the theta divisor of every element of the image
of Φt,g1,...,gr,n is reducible. If t = 0, a very general element of the image of
Φ0,g1,...,gr,n is irreducible.
In particular, if the theta divisor of a principally polarized abelian variety
with smooth quotient is irreducible, then it comes from the standard construc-
tion.
Proof. The first and last statements are clear by construction. Assume then
that t = 0 and let (A,Θ) be a very general element of the image of Φ0,g1,...,gr,n.
This means for us that
A = (X1 × · · · ×Xr × Y )/Γ,
where Γ is the graph of a certain anti-symplectic isomorphism, Hom(Xi, Xj) =
0 for i 6= j, Hom(Xi, Y ) = 0 for all i and Y is simple. This implies, in
particular, that
EndQ(A) ∼= EndQ(X1)⊕ · · · ⊕ EndQ(Xr)⊕ EndQ(Y ),
where the subscript Q means that we are tensoring with Q.
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It is well-known that a principally polarized abelian variety is reducible if
and only if there is a non-trivial abelian subvariety such that the restricted
polarization is also principally polarized. Assume that there is such a non-
trivial subvariety T of A and let S be its complementary abelian subvariety
(which is also principally polarized). By the previous decomposition of the
endomorphisms of A, it is clear that either T or S must contain Y and the
other must be contained in the product of the Xi. Assume without loss of
generality that T is contained in the product of the Xi. Then
(T,Θ ∩ T ) = (T1,Θ ∩ T1)× · · · × (Tr,Θ ∩ Tr),
where Ti = T ∩ Xi. Moreover, Θ ∩ Ti is principal for every i since Θ ∩ T is.
The following proposition tells us then that this is impossible, concluding the
proof. ⌣¨
Proposition 3.11. Let X ⊂ En be an abelian subvariety of dimension m > 0.
Then Ξn ∩X is not a principal polarization.
Proof. Assume that Ξn ∩ X is principal and let us proceed by contradiction.
Then Riemann-Roch for abelian varieties tells us that
(Ξn ∩X)
m = m!.
On the other hand, using the definition of Ξn given in (2) and denoting Di :=
π∗i ([0]), we have that
(Ξn ∩X)
m =
∑
Σki=m
(
m
k1, . . . , km+1
)
Dk11 · · ·D
kn
n (ker Σ)
kn+1 ·X.
However, since eachDi and ker Σ are abelian subvarieties, their self-intersection
is trivial in the Chow ring modulo numerical equivalence. Hence, every ki can
be taken to be equal to 0 or 1, i.e.
(Ξn ∩X)
m =
∑
Σki=m
ki∈{0,1}
(
m
k1, . . . , km+1
)
Dk11 · · ·D
kn
n (ker Σ)
kn+1 ·X,
= m!
∑
Σki=m
ki∈{0,1}
Dk11 · · ·D
kn
n (ker Σ)
kn+1 ·X.
But since (Ξn∩X)
m = m! and the intersection between X and each summand
is greater than or equal to 0 since the Di’s and ker Σ are effective, we see that
there is only one non-zero summand, which is equal to 1.
Let F be an irreducible component of Ξn. Then Ξn − F is ample and thus
(Ξn−F )
m ·X > 0. However, since there is only one non-zero summand in the
equality above, we see that this number is equal to 0 as soon as F is taken to
appear in the non-zero summand, which is a contradiction. ⌣¨
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4. Smooth quotients of Jacobian varieties
In this section, we prove Theorem 1.2, which we restate here:
Theorem 4.1. Let C be a smooth projective curve of genus g and let G be a
(non-trivial) group of automorphisms of C. Then JC/G is smooth if and only
if one of the following holds:
(1) g ≤ 1;
(2) g = 2, G ∼= Z/2Z and C → C/G ramifies at two points.
(3) g = 3, G ∼= Z/2Z and C → C/G is e´tale.
Remark 4.2. Using well-known results by Broughton [Bro90], we see that the
moduli space of genus 3 e´tale double covers of genus 2 curves is a connected
3-dimensional subvariety ofM3, and the moduli space of genus 2 double covers
of elliptic curves is a connected 2-dimensional subvariety of M2.
We start with a lemma on minimal morphisms. Recall (cf. [Kan94]) that a
quotient morphism f : C → E with C a smooth curve and E an elliptic curve
is said to be minimal if for every commutative diagram
(4) C
h
☛☛
☛ f

✺✺
✺
F // E,
where F is an elliptic curve and F → E is an isogeny, we have F = E and the
isogeny is the identity. We have then the following Lemma:
Lemma 4.3. Let f : C → E be a Galois cover of an elliptic curve E. Then
f is minimal.
Proof. Consider a commutative diagram such as (4). We have to prove that
F = E and that the lower map is the identity. Since f is Galois, we know that
F = C/H for some subgroup H ≤ G. Now F → E is also a Galois morphism.
Taking then the function fields of each of these curves, basic Galois theory
tells us that H ⊳G and thus the kernel of F → E is isomorphic to G/H .
Consider now the Jacobians JC and JF and note that, since h : C → F is
G-equivariant (where G acts on F via G/H), the morphism h∗ : JF → JC is
too. However, it is clear that h∗F = f ∗E ⊂ JGC . In particular, G acts trivially
on h∗F and thus trivially on F , which implies that G/H is trivial and thus
F → E is the identity. ⌣¨
We are now ready to prove Theorem 4.1.
Proof of Theorem 4.1. It is obvious that the quotient JC/G is smooth if g ≤ 1.
Let us prove first then that either (2) or (3) implies that JC/G is smooth. Let
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g′ be the genus of C ′ := C/G and recall the Riemann-Hurwitz formula
(5) 2g − 2 = |G|(2g′ − 2) +R,
where R =
∑
P∈C′
|G|
rP
(rP −1) and rP denotes the ramification index of P with
respect to C → C ′ (i.e. there are precisely |G|
rP
points above P ). We see then
that g′ = 1 in case (2) and g′ = 2 in case (3), so g′ = g − 1 in both cases.
We get then that JC′ is isogenous to an abelian subvariety A0 of JC of di-
mension g′ = g − 1, which corresponds to the connected component of the
trivial element in JGC . Let PG be the complementary abelian subvariety of
A0 with respect to the theta divisor of JC , which has dimension 1. Since the
action of G = Z/2Z on A0 is trivial and the theta divisor is G-invariant, we
see that G acts non-trivially on PG and thus PG/G ∼= P
1 is smooth. Then by
Proposition 2.3 we have that JC/G is smooth.
Assume now that JC/G is smooth with g ≥ 2. We have to prove that
G ∼= Z/2Z and that either (2) or (3) holds. The smoothness of JC/G at
the image of 0 tells us that G is generated by pseudoreflections (i.e. elements
fixing pointwise a divisor passing through 0) by the Chevalley-Shephard-Todd
Theorem. Consider then a pseudoreflection σ ∈ G and the subgroup S ⊂ G
generated by it. Then JSC is a divisor and hence its neutral component is an
abelian subvariety of dimension g − 1. This implies that C/S is a curve of
genus g − 1. A quick look to the Riemann-Hurwitz formula using |S| ≥ 2 and
R ≥ 0 tells us then that g ≤ 3.1 We are left then with five possible cases:
(g, g′) ∈ {(3, 2), (3, 1), (3, 0), (2, 1), (2, 0)}.
In the case (3, 2), the Riemann-Hurwitz formula yields |G| = 2 and R = 0,
which corresponds to case (3). In the case (2, 1), by [Bro90, Thm. 4.1] we have
|G| = 2 and the Riemann-Hurwitz formula yields R = 2, which corresponds
to case (2). We are left to prove then that the three other cases cannot give
smooth quotients.
By Theorem 3.10, we see that the pair (JC ,ΘC) is standard since the theta
divisor is an irreducible principal polarization. In particular JC is isogenous
to a product X × Y with Y a non-trivial G-invariant abelian subvariety of
JC (which a fortiori corresponds to f
∗JC′) and X a direct product of elliptic
curves with dim(XG) = 0 (which a fortiori corresponds to the Prym subvariety
of JC with respect to G). This discards immediately the cases (2, 0) and (3, 0),
since then we have dim(JGC ) = 0.
1We would like to thank an anonymous referee for this idea, which shortened our original
proof.
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We are left then with the case (3, 1), where X has dimension 2 and hence
G must be isomorphic to either (Z/2Z)2 or S3 by the standard construction.
Here, C ′ is an elliptic curve E and thus JE = E. Lemma 4.3 tells us that the
quotient morphism f : C → C ′ = E is minimal.
Assume that G ∼= S3, let H denote the index 2 normal subgroup of G and
consider the quotient C ′′ = C/H . Then the genus g′′ of C ′′ must be 2 since it
has to be < 3 and if it was 1 we would contradict the minimality of f : C → E.
We get then that C → C ′′ is a Galois cover with Galois group H and |H| > 2.
This contradicts the Riemann-Hurwitz formula, as we saw in the case (3, 2).
Assume now that G = (Z/2Z)2. Since f is minimal and of degree |G|,
[BL04, Cor. 12.1.4] and Riemann-Roch for abelian varieties tell us that
|f ∗E ∩X| = |G|2 = 16.
But since the action of G on E is trivial and there exists g ∈ G acting as −1
on X , we know that f ∗E ∩X ⊂ XG ⊂ X [2] and hence f ∗E ∩X is 2-torsion.
And since f ∗E is just an elliptic curve, |f ∗E ∩ X| ≤ |(f ∗E)[2]| = 4, which
yields a contradiction. ⌣¨
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